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Abstract. We give a new proof of a recent result due to Mats An- 
dersson and Elizabeth Wulcan, generalizing the local Grothendieck 
duality theorem. It can also be seen as a generalization of a previ- 
ous result by Mikael Passare. Our method does not require the use 
of the Hironaka desingularization theorem and it provides a semi- 
explicit realization of the residue that is annihilated by functions 
from the given ideal. 



I. Introduction 

Let Oq be the ring of germs of holomorphic functions at G C n 
and let Qq denote the germs of holomorphic (n, 0)-forms. The ring Oq 
is Noetherian and hence all ideals J C Oq will be finitely generated. 
Assume first that J is generated by n functions / = (/i, . . . , f n ) and 
that their common zero set consists of one single point, the origin. 
Then the Grothendieck residue, Res/, is defined as 

(1) Re S/ (0=f^V/ f( ^\ , y £ens, 

\ 2m J J\f i (z)\=efl{Z)---fn(z) 

and is independent of e. Observe that we can multiply Res/ with a 
holomorphic germ (p by letting </?Res/(£) = Res/ . There is a well 
known theorem, see for example [9], saying that J is equal to the 
annihilator ideal of Res/, i.e., 

(2) ^Res/(O = 0, V£Gfi£, iff tpej. 

We will refer to that theorem as the local Grothendieck duality theo- 
rem. 

There is a cohomological interpretation of the Grothendieck residue. 
Let VL be an open neighborhood of such that fj, j = 1, . . . , n, and 
£ are defined there. Let Dj = {z; fj(z) = 0} and Uj = Q \ Dj. Then 
■ ■ ■ fn can be considered as an (n— l)-cochain for the sheaf of holo- 
morphic (n, 0)-forms and the covering {Uj}j=i t ..., n of fi\{0}. Since there 
are no (n — l)-coboundaries, £/ fi ■ ■ ■ f n defines a Cech cohomology class 
and by the Dolbeault theorem, [9] , we get a Dolbeault cohomology class 
oj£ of bidegree (n, n — 1). The Grothendieck residue can now be rewrit- 
ten as integration of a/ over the boundary of a small neighborhood, D, 
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of the origin, 

(3) Re S/ (0 = / uA 

JdD 

A proof of this can be seen in [9] where one can also see a proof of the 
fact that the class u can be represented by the explicit form 

t = (J_Y , Y.( ')' M/i A ... A TU A ... A df n A g 
" W ^ (IM 2 + -.. + IMT 

where (i/j means that dfi is omitted. 

Assume now that the ideal J is generated by p functions fi, ■ ■ ■ , f p 
and that we do not have any restrictions on the common zero set Z. 
With the use of Hironaka's desingularization theorem one can define a 
residue current 

(4) ^A...A^.£ = lim / - . , 

for smooth test forms £. In order for the limit to exist it has to be 
taken over a so called admissible path meaning that ei{8) tends faster 
to zero than any power of ej+i(5). The current (j2J) is called the Coleff- 
Herrera product and was defined in [5]. In the special case of p = n 
and Z = {0} we get the Grothendieck residue if we restrict the Coleff- 
Herrera product to the holomorphic germs. 

In [7] and [TO] Dickenstein-Sessa and Passare independently proved 
that the Coleff-Herrera product satisfies the duality theorem, i.e, that 
the annihilator ideal of OH) is equal to J, in the case when J defines 
a complete intersection. That is, the case when the codimension of J 
is equal to p. Passare also defines a cohomological residue satisfying 
the duality theorem in that case generalizing the Grothendieck duality 
theorem to complete intersections. In pj Andersson and Wulcan con- 
struct a residue current that satisfies a duality theorem for arbitrary 
ideals and coincides with the Coleff-Herrera product if the ideal de- 
fines a complete intersection. They also show that the residue can be 
expressed cohomologically in the Cohen-Macaulay case. 

In this paper we find a new proof of the result of Andersson and 
Wulcan in the Cohen-Macaulay case avoiding using Hironaka desingu- 
larization used in [2]. The residue is similar to ()3]) and is obtained 
from a double complex defined from a free resolution of J . In the spe- 
cial case of a complete intersection it coincides with the cohomological 
residue in [TO] . 

2. Set up and statement 

Remember that a local Noetherian ring R is called Cohen-Macaulay 
if the maximal length of a regular sequence in R is equal to the di- 
mension of R. An ideal J C R is called Cohen-Macaulay if Rj J is 
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Cohen-Macaulay. All ideals in C whose variety is zero- dimensional are 
Cohen-Macaulay. Also, all ideals in Co that define a complete inter- 
section are Cohen-Macaulay but the converse is not true. For example, 
the ideal (z 2 ,zw,w 2 ) C C is Cohen-Macaulay (because its variety is 
zero-dimensional) but do not define a complete intersection. 

Assume that the common zero set Z of fx, . . . , f m G Co has pure 
codimension p and that J = (fx, . . . , f m ) is Cohen-Macaulay. The fact 
that J is Cohen-Macaulay is equivalent (because of the Auslander- 
Buchsbaum formula [8]) to the existence of a minimal free resolution 
of Oq/J 

(5) Of' p 4 CC*- 1 / 4 1 . . . 4 C® ri 4 C Oq/J ->• 

having length p. Here J 1 can be represented as the row-matrix where 
the the i:th column is fi and f k , k > 1, are matrices with holomorphic 
functions as entries. Oka's lemma, [9], implies that there exists a small 
neighborhood fi around such that the complex 

(6) Of' 4 cf^- 1 . . . 4 Cf ri 4 C z O z /J 
is exact for all z G fi. 

If we let be a trivial vector bundle of rank rj over fi we get an 
induced complex of trivial vector bundles 

rp fp— 1 r2 i-l 

(7) ->• £ p 4 . . . 4 £i 4 £ ^ 0. 

Note that O z /J = if z & tt\Z and that the complex (j7j) is pointwise 
exact there. Indeed, assume that k < p and that (zq, x) G (fi\2) x C fc 
is a point such that f k (zo)x = 0. Note first that there exist a non-zero 
function ip G C®'*' 1 such that f k tp = because otherwise Ker f k = {0} 
and hence k = p which is a contradiction since we assumed that k < p. 
Take such a <p. We know from the exactness of ([6]) that there exists 
ip G Z( / k+1 such that f k+1 ip = cp. By scaling we can assume that 
<p(zo) = x and by choosing y = ip(z ) we get that the point (zo,y) G 
(Q\Z) x C rfc+1 is mapped to (20,2;). 

The exactness of ((Zj) and a simple induction over k shows that f k 
has constant rank in fi \ Z and thus Ker/ fc is a sub-bundle of E^. 
Since f k+1 is a pointwise surjection to the sub-bundle Ker f k we get 
that the corresponding complex of smooth sections is exact. We have 
just proved the following proposition. 

Proposition 2.1. Let £o,<j(fi, Ek) denote the set of smooth 
(0,q) -sections of Ek over fi. With f k ,Ek,Q and Z as above, the com- 
plex 

-> £ ,,(fi \ Z, E p ) 4 £ 0i9 (fi \ Z, Ep-i) ... 

..As , q (n\z 1 E )^o 

is exact for all q. 
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We are now ready to define the complex that will give us the co- 
homology classes we need in order to state the main theorem. The 
operators / J and d define the double complex 

(8) 



> £o, q +i(&< \ 2, E k ) > SQ A+ iiyt\Z,E k _i) > 



^ £ 0iq (n\Z,E k ) £ , g (fi\£,£fc-i) ... 



Let £ be the total complex of (jHJ), i.e., 

(9) C: ... ^4C r (Q\Z) ^4C r+1 (Q\Z) ^ 



where 



£ r {n\z) = ®So, k+r {n\z,E k ) 



and 

V/ : C r (Q \Z)-> C r+1 {Q \ Z) is defined as V/ = / - 8. 

Here / should be interpreted as (—l) q f k on Eo >q {VL \ Z, E k ). We know 
from Proposition 12.11 that the double complex (JSJ) has exact rows and by 
a standard spectral sequence argument we see that the total complex 
C is exact. 

Now, let if & Oq. Then we can view if as an element in £°(Q \ Z) 
for some Q such that the complex L is exact. Moreover, V fif = so 
there exists an element v in £~ 1 (Q\Z) such that V/y = (p. If we write 
v — V\ + . . . +v p where v k G £b,&-i(^ \ 2, E k ) we see that fv\ = <p and 
fvj = dvj-i for j = 2, . . .p. Especially we get that dv p = 0. Now, if 
v, w G \ Z) are such that V/u = V/w = f, then there exists an 

element u G £~ 2 (fi\Z) such that V/u = u— u> and thus <9u p = v p — w p . 
This means that t> p (a vector of r p enclosed smooth (0,p — l)-forms) is a 
representative of a Dolbeault cohomology class of bidegree (0,p— 1) 
depending only on ip and /, i.e., we have a map 



O 3 f ^ cj^ = [ax, a 2 , 



G H 



r(o,P-i) 
l <9 



Note that these cohomology classes form a Co-module and that ipu 1 
ujV for G C - 
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Let X be a subset of C n and denote u 1 by u. By T> p ' q (X) we mean 
the space of all (p, g)-forms that have compact support on X. 

Definition 2.2. The residue 

Res/ : {£ E V'o> n ~ p (n); 8^ = close to Z} ->■ C 

is given by 

(io) «„,..« /•''•- 

The fact that Res/ is well-defined, i.e., does not depend on the choice 
of representant of u, is a direct consequence of Stokes' theorem. We 
define multiplication with a holomorphic germ (p analogous to the case 
of the Grothendieck residue, i.e., y9Res/(£) = Res/ and we thus 
get 

^Res / (0 = Res / (^) = / A u; = J {&(£)) A cpu = J ^ A u*. 

Remark 2.3. If Z consists of one single point we can rewrite Res/ in 
a different way. Let £ E Pq' such that <9£ = close to 0. Then there 
exists a compact set D C f2, with in the interior, such that <9£ = 
on .D. If £ is a holomorphic (n, 0)-form that satisfy ( = ( on D we get 



d£Atu= d£Au = - £ A u = - / (Aw. 

JC"\D J 3D J 3D 

We will use this in Example 12.61 below. 

The following theorem is the main result in this paper. 

Theorem 2.4. Assume that fi, ■ ■ ■ , f m E O and that the ideal J 
generated by the fi :s is Cohen- Macaulay. Then the following are equiv- 
alent: 

(i) cp E J 

(ii) = 

(iii) ip Res/ = 

We postpone the proof to the next section. 

Remark 2.5. The operator V/ was first introduced by Mats Anders- 
son in [1] and was later used in several papers to define residue currents 
that coincide with the Coleff-Herrera product in the case of complete 
intersection. The advantage of using V/ to define the residue Res/ is 
that much of the work in the proof of Theorem 12.41 is hidden in the 
construction of the cohomology classes u^. 

Example 2.6. Consider the case when J = (fi,---,f p ) defines a com- 
plete intersection. It is well known, [3], that the Koszul complex with 
coefficients in G , i.e., the complex 



-> O ® A p E % . . . % C <8> A 2 E % O <g> E % C -> 
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where E is a complex vector space of dimension p with a basis e\, . . . , e p 
and where 5f is defined as 

5 f (ip®e ll A... A e z J =^(-1)^06^ A... A^A... Ae lfc 

is a minimal resolution of Co/ J . This means that the resolution flS} 
is isomorphic to the Koszul complex since all minimal resolutions are 
isomorphic. In this case £ r (Q \ Z) and V/ in the total complex Q 
become 

C(n\Z) = ®S 0tk+r (n\Z,E k ) and Vf = 8 f -B 

k 

where E k is the trivial bundle Q x A h E. We define the operator 

D : £o, r (tt \ Z, Eh) x ^o, s (^ \ Z, El) -> £ ,r+s(^ \ 2, E*+0 
by letting 

® ej fl £g> e L = dzj A £g> ej A e^. 
Let us try to calculate the cohomology class u in this case. Let 

a= l {{ ' <j and v = a n (1 + da + (da) n2 + . . . + (da) n ^). 
\f\ 

Then v E £ _1 (Q \ Z) and since V/cx = 1 and (cV) np = we get that 
V/f = 1. This means that a representative for the class u is given by 
Vp = an (Ba) n(p - 1 \ and by using that (Y7j=i fj® e jV 2 = we get that 

E/i®e i n(E%-®e i ) n *- 1 J 



m 2 " 

Now, Cg> fl <9/fc <g) e k = dfk <8> fl 9^- <8> for all j, = 1, . . . , p 
and since dfk = dfk we get 



v p = pi 



Ei-iy^fjdfi A ... A dfj A ... A <j/ p (8> ei A . . . A e p 



(IM 2 + -.. + l/n 

This shows that in the case of a complete intersection the residue coin- 
cide with the cohomological residue in [10J and together with Remark 



12.31 this shows that Res/ indeed is a generalization of the Grothendieck 
residue (jHJ). 

3. The proof of Theorem 12.41 

We will need a result that describes when we can solve the <9-equation 
in our situation and also a variant of Hartogs' phenomenon. To prove 
those results we use an integral representation of smooth (p, g)-forms 
called Koppelman's formula. 
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Let A = {(z, z); z G C"} C C n x C" and 

d\z\ 2 



b(z) 



2iri\z\ 2 



A form s((,z) in Q x Q on the form s((,z) = Y^ s j(Cji z j)d(C : 
that satisfies 2niJ2 s j((j, z j)(.(j ~ z j) = 1 outside the diagonal A and 
s((,z) = b(( — z) in a neighborhood of A is called an admissible form 
(in the sense of Andersson) pQ. For an admissable form s one can 
prove that K = sA (<9s) n_1 is d-closed outside A. By K Ptq we mean the 
component of K that has bidegree (p, q) in z and (n — p, n — q — 1) in 
(. If / is a smooth (p, g)-form then for z G -D it has the representation 

/(*) = B Z J K p , q _ 1 ((,z)Af(()+ J K M ((,z)Adf(()+ jK P!q (C,z)Af(C). 

CCD CG-D CG9D 

This representation is referred to as Koppelman's formula. If we want 
to solve the equation du — f, where / is <9-closed in some region D, 
Koppelman's formula tells us that it is possible if we can make the 
boundary integral disappear. 

Remark 3.1. Koppelman's formula is often stated so that the form 
s((,z) is equal to b(( — z), see for example [5]. The formula above 
follows from the ordinary Koppelman's formula. One way to see this 
is to first fix z G D and then write / = xf + (1 — x)f where x is 
a cutoff function with suppport in a small neighborhood U of zo such 
that s(C, z) = b(( — z) in U. The formula now follows from the ordinary 
Koppelman's formula because of the <9-closeness of K. 

Lemma 3.2. Write_C n = C n ~ k x C k and z = {z',z"), ( = ((',(")■ 
Assume that f is a d-closed smooth (0, q)-form in B = B' x B", where 
B' andM" are the Euclidean (n — k) and k-balls, and that f has compact 
support in the z" direction. Then there exists a solution to du = f in a 
possibly smaller set with compact support in the z" direction if q < k. 
If q = k such a solution exists if and only if 

(11) JtAf = 

for all d-closed (n, n — k) -forms £ with compact support in the z' direc- 
tion. 

Proof. The "only if part of the statement when q = k is clear because 
if there is a solution u to du = f with compact support in the z" 
direction then 

£A/ = JiAdu = Jd(£Au) = 

for all <9-closed (n, n — fc)-forms ^ with compact support in the z' di- 
rection by Stokes' theorem, since (Am has compact support. 
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Let x' be a cutoff function in B' that is equal to 1 in a neighborhood 
of rB', where r < 1 and let x" be a cutoff function in B" that is equal 
to 1 in a neighborhood of rB". Set 



8{{,Z) =X'(C 

+(i-xV)> 



X "(z")b(C - z) + (1 



xV)) 



2m(\z"\ 2 - C ■ z") 



+ 



2/ • CO 



.27ri(|C'| 2 

Then s((, z) is admissible for \z'\ < r and for |C"| < r. 

Note that we can extend s to an admissible form for |C"| < 1 simply 
by considering %s + (1 — x)6 where x is a cutoff function in rB. Since 
we can assume that x is 1 in supp / this extension will be of no interest 
since K A / = outside the suppport of /. This means that for our s, 
Koppelman's formula will work for all z" . 

If | C'| is close to 1 we get 

C' • d(( - z) 



s(C,z) 



2tu(|C / | 2 - z' ■ C')' 



which is holomorphic in z. Therefore the boundary integral in Koppel- 
man's formula vanishes if q > since / has compact support in the C" 
direction. Thus u(z) = J i^o,g-i A / is a solution to du = f. It remains 
to show that the solution has compact support in the z" direction. Let 
\z"\ be close to 1. Then 



s{C,z) = x\0 



z" ■ d(C - z) 
_2ni(\z"\ 2 - C" ■ z")_ 
si((,z) + s 2 (C,z). 



+ (1 - x'(CO) 



g ■ d(C - z) 

L27rz(|C'| 2 -^-C0 



We see that d z S2 = and that both s% and s 2 are ^//-closed. This 
means that Kq^-i = if q < k because of degree reasons since then 
n — q > n — k and ifo,g-i have bidegree (n, n — q) in C- In the case 
q = k we will show that K q _i is ^-closed and has compact support 
in the C'-direction. This will actually end the proof since then we can 
use (TTTT) with £ = _K" ,fe-i- 

Assume q = k. Then Kq^-i have bidegree (n, n — k) in C and thus 
-K"o,fc-i is ^-closed since we get too many C' differentials. Assume now 
that |C'| and \z"\ are close to 1. Then 



s((,z) 



C ■ d(C - z) 



27rz(|C'| 2 -z'-C0 

and since it do not contain C", z", (" or , z" we may regard it as an 
admissible form on B' x B'. In particular, this means that K = s A 
(ds) n ~ k ~ 1 is (9-closed outside of A which means that -Ko,fc-i = 0. □ 

Proposition 3.3 (Variant of Hartogs' phenomenon). Let Q = Q' x Q" , 

where Q" has dimension k > 1, be an open set in C n and let K = Q'xrM 
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for some r < 1 such that rl C O". If q < k — 1 then for each smooth 
d -closed (0,q)-form v in (fl \ X) t/iere exists a d-closed (0,q)-form v 
in Q such that v = v in Q\K where K is a slightly bigger set than K . 
If Q = we have K = K. If q = k — 1 the above statement is true if 

J Bi A v = 

for all (n, n — k) -forms £ with compact support that are d-closed in a 
neighborhood of K. 

Proof. Let \ be a cutoff function in Q that is identically 1 in a neigh- 
borhood of K and let g := (—dx) A v. Then g is (9-closed in f2 and 

JtAg = -JzAdxAv = ±Jd(£Ax)Av = 0, 

for 9-closed (n,n — q — l)-forms £ with compact support in the z' 
direction. This means that we can use Lemma 13.21 with g as / and 
thus there exists a solution to du = g, with compact support in the z" 
direction, in a possibly smaller set. Set v — (1 — x) v ~~ u - Then dv = 
and v = v close to the boundary where = 1. If q = the uniqueness 
theorem for analytic functions imply that v = v in Q \ K. □ 

Proof. (Proof of Theorem I2.4p 

(i) =^ (ii): Assume that ip e J . Let Q be an open neighborhood of the 
origin such that £ is exact for Q\Z and such that there exist functions 
eO(Q), such that 

Let {ej} be a global frame of E\ such that f x {\ ® ej) = fj and let 
v = v i + . . . + v p G be defined by letting vi = i/jj g) e^- and 
^2 — ^3 — • • • — v p = 0. Then V/fi = <p and = and we are done, 
(n) (mz): Trivial. 

(Hi) (z): Assume that e O an d that yjResj = 0. Let again Q be 
such that £ is exact for fl\Z and let v = Vi+v 2 +- ■ -+v p G £ _1 (fi\Z) be 
a solution to Vf = Because of general properties of complex analytic 
sets we may assume that Q is the set B' x B", where B' C C n_p and 
B" C C p are the Euclidean balls, and that Z do not touch the boundary 
of rM" for some r < 1, [3]. According to Proposition 13.31 we can extend 
v p to a 9-closed form v p in Q since v p fulfills the requirement by the 
assumption that <^Res/ = 0. We can now solve the equation Bu p = v p 
and since v p = v p close to the boundary where \z"\ = 1 there exists a 
solution in say Q\K where K is a set of the same type as in Proposition 
13.31 Now, in Q \ K we get that 

d(v p ^ + f p u p ) = f p v p - f p v p = 0. 
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This means that there exists a solution to du p _i = t> p _i + f p u p in Q\K 
and we note that 

8(v p „ 2 + V0 = f p -\-i + 9/ p - 1 « p _i = / p - Vi - F~\-i 
= 0. 

If we repeat the argument above we eventually end up with 

B( Vl + fu 2 ) = 
in a smaller set of the same type, call it U. Now, 

/V = /V + f l f 2 u 2 = /V = V 

in U and Proposition 13.31 in the case where q = completes the proof. 

□ 
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